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Abstract. Given non- negative integers nt and at with < at < nt 
(i = 1 , 2, . . . , k), an [ai , oci, . . . , ocj-k-partite hypertournament on ^'j^ Ui 
vertices is a (k + 1 )-tuple (Ui , Ui, . . . , U^, E) , where Ui are k vertex sets 
with |Ui| = rii, and E is a set of Y.^ ai-tuples of vertices, called arcs, with 
exactly oci vertices from Ui, such that any ^^i subset u'l^U^ of u'j^Ui, E 
contains exactly one of the (Y.^ ' at-tuples whose entries belong 

to U'J'U^. We obtain necessary and sufficient conditions for k lists of non- 
negative integers in non-decreasing order to be the losing score lists and 
to be the score lists of some k-partite hypertournament. 



1 Introduction 

Hypergraphs are generalizations of graphs [1]. While edges of a graph are pairs 
of vertices of the graph, edges of a hypergraph are subsets of the vertex set, 
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consisting of at least two vertices. An edge consisting of k vertices is called 
a k-edge. A k-hypergraph is a hypergraph all of whose edges are k-edges. 
A k-hypertournament is a complete k-hypergraph with each k-edge endowed 
with an orientation, that is, a linear arrangement of the vertices contained in 
the hyperedge. Instead of scores of vertices in a tournament, Zhou et al. [13] 
considered scores and losing scores of vertices in a k-hypertournament, and 
derived a result analogous to Landau's theorem [6]. The score s(vi) or st of a 
vertex vt is the number of arcs containing Vi and in which Vi is not the last 
element, and the losing score r[vi) or tt of a vertex vi is the number of arcs 
containing vt and in which is the last element. The score sequence (losing 
score sequence) is formed by listing the scores (losing scores) in non-decreasing 
order. 

The following characterizations of score sequences and losing score sequences 
in k- hypertournaments can be found in G. Zhou et al. [12]. 

Theorem 1 Given two positive integers n and k with n > k > 1 , a non- 
decreasing sequence R = [ti , r2, . . . , r^] of non-negative integers is a losing 
score sequence of some k-hypertournament if and only if for each j, 



with equality when j = n. 

Theorem 2 Given positive integers n and k with n > k > 1 , a non- decreasing 
sequence S = [si , S2, . . . , Sn] of non-negative integers is a score sequence of 
some k-hypertournament if and only if for each j, 



with equality when j = n. 

Some recent work on the reconstruction of tournaments can be found in 
the papers due to A. Ivanyi [3, 4]. Some more results on k-hypertournaments 
can be found in [2, 5, 9, 10, 11, 13]. The analogous results of Theorem 1 and 
Theorem 2 for [h, k] -bipartite hypertournaments can be found in [7] and for 
[a, |3,y]-tripartite hypertournaments in [8]. 

Throughout this paper i takes values from 1 to k and takes values from 1 
to rii, unless otherwise stated. 
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A k-partite hypergraph is a generalization of k-partite graph. Given non- 
negative integers and ai, (i = 1 , 2, . . . , k) with rii > at > for each 1, an 
[ai , a2, . . . , ak]-l<^-pai'tite hypertournament (or briefly k-partite hypertourna- 
ment) M of order ^'(^Tii consists of k vertex sets Ui^ with lUJ = Tii^ for each i, 
(1 < t < k) together with an arc set E, a set of at-tuples of vertices, with 
exactly cxi vertices from Ui, called arcs such that any Y.\ subset u'j^U[ of 
u'j'Ui, E contains exactly one of the ^ij Y.^ (Xi-tuples whose ai entries 
belong to U[. 

Let e = (uii,Ui2, . . . ,Uict, ,U2i,U22, . . . ,U2ct2, • • • ,U-kl)lJ-k25 • • • ,iJ-k«k), ^^^^ 
Uij^ G Ui for each i, (1 < i < k, 1 < ji < (Xi), be an arc in M and let h, < t, we 
let e(uiH,uit) denote to be the new arc obtained from e by interchanging uij^ 
and uit in e. An arc containing at vertices from for each i, (1 < I < k) is 
called an (ai , (Xz, . . . , ak)-arc. 

For a given vertex utj^ S for each i, 1 < i < k and 1 < ji < oci, the score 
dp[^(uij.) (or simply d+(iiijj) is the number of ai-arcs containing u^^ and 
in which Uij; is not the last element. The losing score djv^(uij.] (or simply 
d^(ittj.)) is the number of ^'j^ ai-arcs containing utj. and in which u^j. is the 
last element. By arranging the losing scores of each vertex set separately 
in non-decreasing order, we get k lists called losing score lists of M and these 
are denoted by Rt = [TijJ|^'^^ for each i, (1 < i < k). Similarly, by arranging 
the score lists of each vertex set Ui^ separately in non-decreasing order, we get 
k lists called score lists of M which are denoted as Si = [si,jj|^^^ for each i 
(1 < i < k). 

2 Main results 

The following two theorems are the main results. 

Theorem 3 Given k non-negative integers ni and k non-negative integers 
oii with 1 < OLi < Tii for each i (1 < i < k), the k non- decreasing lists 
= [''"ijilj^Li '^f non-negative integers are the losing score lists of a "k-partite 
hypertournament if and only if for each pt (1 < i < k) with pi < ni, 

k Pi ^ / \ 

LLni,>n(:')' « 

i=l ji=l i=l ^"-^^ 

with equality when pi, = rii for each i (1 < i < k). 
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Theorem 4 Given k non-negative integers rii and k non-negative integers at 
with < ai, < rii for each i (1 < i < k], the k non- decreasing lists Si = [sij.]|^'^^ 
of non-negative integers are the score lists of a Y-partite hypertournament if 
and only if for each Tpi, (1 < i < k) with 'pi < 



i=i 



i=l 



1=1 



wii/i equality when = nt /or eac/i I (1 < i < k). 

We note that in a k-partite hypertournament M, there are exactly OiLi 
arcs and in each arc only one vertex is at the last entry. Therefore, 



In order to prove the above two theorems, we need the following Lemmas. 

Lemma 5 If M. is a Y-partite hypertournament of order with score lists 

Si = [sijjj^'^i for each i (1 < i < k), then 



k n-i 

i=l 



J=i 



n 



Proof. We have r\.i > at for each i (1 < t < k). If is the losing score of 
iXijj € Ui, then 

k nt k / X 

i=l ji=l i=1 ^"-^^ 

The number of [(Xi\\ arcs containing utj. € for each i, (1 < i < k], and 
1 < ji < Tti is 

k , 
TT /Tit 



TT 
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Thus, 



k n-i 



i=l ji=l 



k rii / \ k 

CXi \ T-r / TLt 



at 



i=l u=] 
k 



n 



■.i=^ 



at 



n 



^1=1 



□ 



Lemma 6 // Rt = [TijJJ^"^^ (1 < i. < are k losing score lists of a Y-partite 
hypertournament M, then there exists some h with riH < Cp) so i/iai 

R'l = [ni,ri2,...,riH + l,...,rin,], R'^ = [TsI , TsI, • • • , Tst - 1 , • • • , TsnJ ("2 < s < 

anc? Ri = [rijj|^'^j, (2 < i <]c), i^s are losing score lists of some V-partite 
hypertournament, t is the largest integer such that ■i"s(t-i) < Tst = ■ ■ ■ = Tsus- 

Proof. Let Rt = [TtjJJ^'^^ (1 < I < k) be losing score lists of a k-partite 

hypertournament M with vertex sets Ut = {u^i , u^i, . . . , Udjil so that (ixtj^ ) = 
Tij^ for each i (1 < t < k, 1 < ji < t\\). 
Let h, be the smallest integer such that 

Til = Tl2 = • • • = Tlh < Tl(H+l) < ■ ■ ■ < Tin, 

and t be the largest integer such that 



Now, let 



rsi < rs2 < . . . < rs(t_i) < r^t = . . . = t 
R'l = [■rii,ri2,...,rih + l,...,rin,], 



STls 



R's — ['''sl > Tsl, • • • , Tst — 1 , • • • , TsTls 

(2 < s < k), and Rt = [njj^^i , (2 < i < k), i / s. 
Clearly, R'^ and Rj are both in non-decreasing order. 

Since ti^ < :^0i^ (ap)' there is at least one [atl^arc e containing both uik 
and Ust with Ujt as the last element in e, let e' = (uiH,Ust]- Clearly, R',, R' 
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and Ri = [rijjj^'^^ for each i(2<i<k),i7^s are the k losing score hsts of 
M' = (M - e) U e'. □ 

The next observation follows from Lemma 6, and the proof can be easily 
established. 

Lemma 7 Let = [Tijjj^'^p (1 < i < k) be k. non- decreasing sequences of 

non-negative integers satisfying (1). If Vi^^ < ^ Oi^ (a^) ' ^/^en there exists s 
and t (2 < s < kj, 1 < t < TLs such that R\ = [rii,ri2, . . . ,riH + 1, . . . ,rinj, 
K = [TsI , Ts2, . . . , tst - 1 , . . . , TsnJ and Ri = [rtj J^^i , f2 < i < k^, i / s satisfy 
(!)■ 

Proof of Theorem 3. Necessity. Let R^, (1 < i < k) be the k losing score 
lists of a k-partite hypertournament M(Ui, 1 < i < k). For any pt with at 
< Pi < TLi, let U( = {udj JF^^^ [1 < i < k) be the sets of vertices such that 
d^(uijj = Tij. for each 1 < jt < pt, 1 < i. < k. Let M' be the k-partite 
hypertournament formed by U- for each i (1 < I < k). 
Then, 

k Pi k Pi 

t=l j^=l i=l ],=\ 

k / 

Pt 



n 



at 



Sufficiency. We induct on ni, keeping n2,...,ni< fixed. For ni = ai, the 

result is obviously true. So, let rii > ai, and similarly ni > oiz, . . . ,ni^ > 
Now, 

k n-i /Til —1 k Tii 

tin, =^Y. ~ ^Ijl + X H 

i=l ji=l \j,=l i=2ji=1 

k 



ni \ _ / ni - 1 
(xl - 1 ) n ( al 



n 



at 
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We consider the following two cases. 



Case 1. ri 



n 



Tit 

at 



ri] —1 k Tii k Tii 

jl=l 1^=2 ii=l i=l it=l 



n 



at 



ai 

m -1 

ai 



Then, 



ai 



ai 



n 



rit 
at 



n 

2 
k 

n 



nt 
at 

TLt 

at 



By induction hypothesis b'^■\,r-\2, • • • ■,T^{n^-^)], ^2,---i^k are losing score 



lists of a k-partite hypertournament M'(U'^ , U2, . . . , U]^) of order [^^^^^ tl^ 

1 . Construct a k-partite hypertournament M of order Y-\=] follows. 
In M', let U\ = {uii,ui2,...,Ui(T^^_i)},Ui = {i^jJ|^Li for each i, (2 < i < 

k). Adding a new vertex to U'^, for each ^^^^1 ai^ -tuple containing 

, arrange uin, on the last entry. Denote Ei to be the set of all these 

LLi ai)-tuples. Let E(M) = E(M') U Ei. Clearly, 



ni 

ai 



nt 
at 



Rt for each i, (1 < i < k) are the k losing score lists of M. 



Case 2. ri^x, < 



ai 



nt 
at 



Applying Lemma 7 repeatedly on Ri and keeping each R^, (2 < t < k) fixed 
until we get a new non-decreasing list R'^ = [T'ii,r'^2> 



, r^^J in which now 



Ini 



ni 
ai 



TT-t 

at 



. By Case 1, R', , Rt (2 < i < k) are the losing 



score lists of a k-partite hypertournament. Now, apply Lemma 6 on R'^ , Rt 
(2 < i < k) repeatedly until we obtain the initial non-decreasing lists Rt for 
each i (1 < i < k]. Then by Lemma 6, Rt for each i (1 < 1 < k) are the losing 
score lists of a k-partite hypertournament. □ 

Proof of Theorem 4. Let St = [sijj^^i(1 < i < k) be the k score lists of 
a k-partite hypertournament M(Ui, 1 < i < k), where lit = {uij.}J^'^^ with 
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d,(^(uijj = Sijj, for each i, (1 < i < k). Clearly, 

d+(u^jj + d-(uijj = ( ), (1 < ^ < < 3i < ^i)- 

Let nim+i-ii) = d"(uijj, (1 < i < k, 1 < ji < nt). 

Then = [tijj|^'^^ (i = 1,2, ... ,k) are the k losing score lists of M. Con- 
versely, if Ri for each i (1 < i < k) are the losing score lists of M, then St for 
each i, (1 < i < k) are the score lists of M. Thus, it is enough to show that con- 
ditions (1) and (2) are equivalent provided Sij^ -|-r^T^.^-|_j.] = (^^^ Yl\ 

for each i (1 < I < k and 1 < jt < ni). 
First assume (2) holds. Then, 



k Pi k Pi 

k Pi 

i=i ji=i 



> 



n 

1 

k 

n 



TT-t 

at 

TT-t 

at 



k Pi 



TT-t 

at 



+D-.-i'>)(^)n 

i=i 

k 



at 

TT-t 

at 

k 

n 



n 



Oii 



k Pi 

i=l ji=l 

k Tii k n-i— Pi 

i=i ji=i i=i ji=i 



at 



with equality when pt = nt for each i (1 < i < k). Thus (1) holds. 

Now, when (1) holds, using a similar argument as above, we can show that 
(2) holds. This completes the proof. □ 
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